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I.—ON A LAW EXISTING IN THE SUCCESSIVE APPROXIMATIONS 
TO A CONTINUED FRACTION. 


Ler there be a set hn _— 1,, 2,, 3,, 4,, &c. from 
which 1,, 2,, 3,, &c, 1,, 3,, &c., are formed as — 
‘erway Pee a epers &e., 2, = 3, 2, 

2. = 4, 2,4 2, &e. -» “that the numerators and 1 a ld 
of the successive approximations to the continued fraction 


. -may be readily obtained in the usual manner. 


The law of formation is 
Y, ” (y te 1), Y,-1 + Y,-2° 
Another law of formation is 


Ye= Yu (Yt Man + You Yt 241), Qa» 
which may be easily proved. Though this double numerical 
symbol is convenient in the exhibition of laws, it will be 
better in ordinary work to write a, b, c,d, &c. for 1, 2, 3, 4, 
and to drop the suffixes in a, b, c, &c. 

The object of this paper is the investigation of the law of 
formation exhibited in a, ab + 1, abe + a+, &c., or 1, 1,1, 
&c. in terms of 1,, 2,, 3,, &e. Of these it is evident that the 
n is made up o ‘cores of n,n — 2, n-4,....dimensions, the 
term of no dimension being always unity. If we signify by 
(abe....k), the collection of terms of the x dimension 
which appear in the first step which introduces the letter f, 
we have for the several steps 


(a), , (ab), + (ab),, (abe), + (abe),, (abed), + (abed), + (abcd), 
and so on. 
To find (abc. ...%), the rule is as follows. Take all those 
combinations of a, 4,...., in which there are no breaks ex- 
H 
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cept in pairs: thus in (abcde), acd cannot occur, for a single 
letter b has dropt out by itself: but cde, ade, abe, abe can and 
do occur, and no others. Thus the terms of the third dimen- 
sion in 1, are ede + ade + abe + abe. 

First, there can be no breaks but in pairs. When & is 
introduced for the first time, the terms then factored with / 
are factored with / at the next step, and no break at all is 
made from %. But at the next step, the terms factored with 
k two steps before, enter by simple addition, and are not fac- 
tored with m. Consequently a term into which / entered at 
the ™ step, is never seen followed by m without /, but has 
nothing before x if / be missing. 

Secondly, all terms in which all breaks are pairs, or mul- 
tiples of pairs, actually do enter. For instance, ehim must 
ultimately enter. It is clear from the formation that even 
steps must all contain unity, therefore the fifth step must con- 
tain e, which enters therefore by addition in the seventh step. 
Hence the eighth step has ef and the ninth et, which enters 
by addition into the eleventh step, and so the twelfth step has 
ehim, which is accordingly found in the fourteenth, sixteenth, 
&c. steps. 

From these converse propositions it follows that, if / repre- 
sent the m letter, the m™ step, or ‘m, is 

(ab... .k), + (ad. 2. Bg + (ab. Kg te ewe 


Thus the sixth step, written down independently of the pre- 
ceding ones, is 
abcdef + cdef +adef+abef +abef'+abced+cf+ced+ad+ab+af+ef +1. 


When there are m letters in the step, the number of terms 
of the (m — 2n) dimension is the number of ways in which 
m-2n can be taken out of m-n. And generally, the number 
of ways in which ~ sets of z consecutive letters each can be 
abstracted from m letters, is the number of ways in which 
m — zn (or n) can be removed out of m -(z-1)n. To prove 
this, let Z,,,, represent the number of ways just mentioned ; 
in every one of these ways, either the last letter is among 
those abstracted, or it is not; Z,_,,,,.,is the number of ways in 


which it is abstracted, Z that in which it is not. Con- 


n> m-l 
sequentl as 
q y Z,, nn Z,,, m-1 + Z,1 »m-2" 
Let m = nz + k, whence AZ, 4) ct = Zur noses 
or Z,, netk — =Z,,.: (n+1) gek-l ooo 888 


Now Z,,,,=1, and Z,,,,,= 4+ 15 whence the successive 
operations by which to ascend from Z,,,, t0 Z,,,.., for any 
value of k, are 1. Change m inton+ 1. 2. Perform the 
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operation of finite summation. 3. Determine the arbitrary 
constant so that Z,,,,, may be 4+ 1. This gives us for values, 
beginning from / = 0, 
(w+1)(m~+2) (m+ 1)(m+ 2) (n+ 8) 
2 . 2.3 
which contain the theorem to be proved. 

It appears then that in the m approximation, the fourth 
dimension (abc.../),, has one term only, but that (abc...4), has 
(m —n)(m—-n—-1)....(m — 2n + 1) 

1.2.3....% 


Accordingly, if a = b = c=d, &c., we have, for the n" step, 





1, n+1, » &., 





terms. 


» m-2m-38 m-3m-4m—-5 
a" +(m-1)a"*+ ae See ew ees hes alee as i oe 





It may be worth the noting, that the sum of the coefficients 
just written down, or the value of the expression when a = 1, 
is the number of distinct ways (different orders counting as 
different ways) in which m +1 can be compounded by ad- 
dition of odd numbers ; so that, m increasing without limit, 
the number of ways in which m can be made of odd numbers 
is to the same for m + 1 ultimately in the ratio of the seg- 
ments of a line which is divided in what Euclid calls extreme 
and mean ratio. 


A. DE M. 
March 20, 1844. 


II.—NOTES ON CONIC SECTIONS. 


(1) Tue eccentric anomaly may be made use of to prove 
several properties of the ellipse in a very simple manner, 
especially in all cases when conjugate diameters are con- 
cerned, as the following examples will shew. 

There is a very simple but important theorem respecting 
the eccentric anomalies of the extremities of two conjugate 
diameters, which has not been noticed so far as I am aware. 
It is this: 

If » and 9’ be the eccentric anomalies of P and D respec- 


tively, o' - o = =. 
We may put the equation to the ellipse in the form of two 
equations, V1Z. 4» -—@cos d y=bsing, 


the angle ¢ is called the eccentric anomaly of the point zy. 
H 2 
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Now zy and z’y’ being the co-ordinates of P and D, and 
o, ¢ the corresponding eccentric anomalies, we have 
z=acosg, y=bsing) ase 
z=acos¢, y=bsingf '  ° 
And, by a well known theorem, 


m..2 
zz a’ 
or oe + yf = 0; 
substituting the values (1) in this equation, we find imme- 
diately cos ($’ - $) = 0, 
and therefore ? -o= : . QED. 


(2) Let 7, 7'6’, be the polar co-ordinates of P and D, then 
r=2+y' =a cos ¢+ 6’ sin’ 9, 
but by the theorem just proved 7’ is obtained from r by 


putting p + = instead of ¢ ; 


7? = a’ sin’ p + B cos’ ¢, 
Perr aa +B. 
Again, sin (0 - @) = sin 0’ cos @ — cos sin 0 
Yt vy. 
oe 
“rr sin (0-0) =y'z- vy 
= ab (sin ¢' cos  - cos ¢' sin ¢) 
= ab. 
since 9 - o=5, 
which are two well known properties of conjugate diameters. 
(3) If in the expressions z = a cos 9, y = 6 sin g, we put 


7 . 
¢ + "7 for g', we change z and y into z’ and y’, therefore 
' . a 
a=-asing=-—y, 


b 
y b cos : x 
= DC = - ° 

“ a 


(4) To find the evolute to the ellipse, the equation to the 
normal being de 
y¥-y,=-—(x#-2,), 
y 1 dy 1 


1 
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may be put in the form 





y - sin g = (z- a cos ®), 
or gue. fene- ee 
b b 
Therefore, differentiating with respect to ¢, we have 
O=25 ‘iainin he 
b cos’ b ; 
‘ £ a — BF 
. co’ g=- (a= ——}], 
Se 


and changing ¢, a@, 2, into ; - 9, 5,y, 
2 _— 


0)" 


(5) By substituting z=a cos ¢, y = 4 sin @, in the equation 
of areas in central forces, viz. 
dy dx 
(2 - ae) -y = =d, 
we find immediately 
ab {(cos  — e) cos p + sin’ g} do = hdt, 


or (1 —-e cos ¢) dp = ndt (x = 5)" 


. p-esin = nt + const. 
These few simple examples shew the use of the eccentric 
anomaly. 


(6) To determine the magnitude and position of the axes 
of the conic section 
Ad + 2Bay + Cy al .ccccceess (1), 


the co-ordinates being oblique. 
Let w be the angle of ordination, then the equation to a 
circle having the origin as centre is 


w+ Qry coswt+ y= cocccecees (2). 
(1) 7° - (2) gives 


2 Bye y 2 y’ 
(Ar® - 1) + 2 (Br ~ cos w) © +(Cr'- 1)74= 0....(8) 
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If this equation gives two equal values of Y | the circle (2) 
x 


must touch the conic section (1), which can only be at the 
extremities of the axes. ‘Therefore the condition that (3) may 
have equal roots, namely, 


(Ar -— 1) (Cr - 1) = (Br - cosw)’...... (4), 
makes 7* equal to either a’ or 0”. 
Moreover, if z be the value of 4 got from (3), the equation 
x 
to either of the axes is nn ee gen 


Hence a’ and 8’ are the roots of 

(AC - B’) r - (4+ C+ 2B cos w) 2” + sin’ w = 0... (6); 
and to determine the positions of the axes, since (3) is a per- 
fect square, we have 


(Cr - 1) 2 + Br’ - cos w = 0, 
zx 

(Ar’ - 1) = + Br — cos w = 0. 
y 


Eliminating 7* from these two equations, we find 

(Cy - Br) (x - y cos w) - (Ax - By) (y - x cos w) = 0, 
which, by (5), is evidently the equation to the two axes con- 
sidered as one locus. 


(7) If B= 0 in (6), we have 


- (G+g)rt See 
AC _ 


‘ 1 
therefore, if we put > a”, a = 6”, we find 





a+ =a" + 6", 
ab =a'b' sin w. 
M. O. B. 





IlI.—ON THE THEORY OF ALGEBRAIC CURVES. 
By A. Cavey, B.A. Fellow of Trinity College. 


Suppose a curve defined by the equation U= 0, U being a 
rational and integral function of the m™ order of the co-ordi- 
nates z, y. It may always be assumed,without loss of generality, 
that the terms involving z”, y™, both of them appear in (U); 
and also that the coefficient of y” is equal to unity. For in 
any particular curve where this was not the case, by trans- 
forming the axes, and dividing the new equation by the 
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coefficient of y™, the conditions in question would become 
satisfied. Let H,, denote the terms of U, which are of the 
order (m), and let y- az, y - Bu...y — Ax be the factors of 
H,,. Ifthe quantities a, (...A are all of them different, the 
curve is said to have a number of asymptotic directions equal 
to the degree of its equation. Such curves only will be 
considered in the present paper, the consideration of the 
far more complicated theory of those curves, the number of 
whose asymptotic directions is less than the degree of their 
equation, being entirely rejected. Assuming, then, that the 
factors of H,, are all of them different, we may deduce from 
the equation U = 0, by known methods, the series 


yrartd t+... (1). 


y=Be+pse4..., 


‘ , A 
y=AT+N 4+ teens 


And these being obtained, we have, identically, 
U=(y-axr-a' -...) (y-Bx-B' -...)...(y - Aw — X'-...)..-(2), 
The negative powers of z on the second side, in point of 
fact, destroying each other. Supposing in general that fz 
containing positive and negative powers of z, Efx denotes 
the function which is obtained by the rejection of the nega- 
tive powers, we may write 


(m) (m) (m)\ 
U-B(y-as. = (y- Ba. . -—). (y-d2. ==) (3), 


the symbol E being necessary in the present case, because, 
when the series are continued only to the power z”", the 
negative powers no longer destroy each other. 
We may henceforward consider U as originally § given by 
the equation (3), the m.(m+1) quantities a,a’. .a, (3, B. .p™, 
.A,X'. .A") satisfying the equations obtained from the sup- 
position that it is possible to determine the following terms 
a™™), Be", .A(™,. . so that the terms containing negative 
powers of z, on the second side of equation (2), vanish. It 
is easily seen that a, 8. .A, a, f'. .X’ are entirely arbitrary, 
a’, 3’. .r’ satisfy a single equation involving only the pre- 
ceding quantities, a’, B”. .A” two equations involving the 
quantities which precede them, and so on, until a), B™..., 
which satisfy (m -—1) relations, involving the preceding quan- 
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tities. Thus the m.(m-+1) quantities in question satisfy 
m.m — 





ations, or they — be considered as functions of 


m.(m+1)-}m.(m—1)=3m.(m+ 3) arbitrary constants. 
Hence the value of U, given 1 by the equation (3), is the most 
general expression for a function of the m order. It is to 
be remarked also that the quantities a”, 3". A", 

are all of them completely determinable as functions of 
a, B. .A, ..a™, B™, .A™. 

The advantage of the above mode of expressing the 
function U, is the facility obtained by means of it for the 
elimination of the variable (y) from the equation U= 0, and 
any other analogous one V=0. In fact, suppose V expressed 
in the same manner as JU, or by the equation 


(n) (n) (n 
V=B( y- Ax... 7 =)(y- Bz... = =) (y-Ke. - =) (4), 


n being the degree of the function V. It is almost unneces- 
sary to remark, that A, B..K,..A”, B”..K™ are to be 
considered as fenctions of in(n+ < arbitrar y constants, and 
that the subsequent 4), Be, A"), .can be completely 
determined as functions of these. Determining the values of 
y from the equation (3), viz. the values given by the equa- 
tions (2); substituting these successively in the equation 


Va(y- Axr-..)(y- Br-..)..(y- Kx-..)= 0...(5), 


analogous to (2), and taking the product of the quantities so 
obtained, also observing that this product must be indepen- 
dent of negative powers of z, the result of the elimination 
may be written down under the form 

a™) — km) 


Bll f= AM ary AE 
—— -A)x..+ oo | sal a Kx)...+ poi f -.(6), 


mn) _ mn mn Kk) 
xJQ-A) 24 —}- ittin— ee) 
\ am = x n- J 


the series in { } being continued only to 2”, because the 
terms after this point produce in the whole product nothing 
but terms involving negative powers of z. It is for the 
same reason that the series in (_ ), in the equations (3) and (4), 
are only continued to the terms involving 2”, 2" respec- 
tively. 

The first side of the equation (6) is of the order mn, in z, 
as it ought to be. But it is easy to see, from the form of the 
expression, in what case the order of the first side reduces 

















Theory of Algebraic Curves. 105 


itself to a number less than mn. Thus, if » be not greater 
than m, and the following equations be satisfied, 


A=a, AM= a, AM =a rpn......(7). 
B = B, Be) =, Be) = pe» s > rT 


Ke=«, KO=e , KeV= Kk opu. 


The degree of the equation (6) is evidently mn -7r-s..- 2, 
or the curves U=0, V = 0 intersect in this number only of 
points. If mm-r-—-s..-v=0. The curves U=0 and 
V = 0 do not intersect at all, and if mn - r - s - v be nega- 
tive, = - w suppose, the equation (6) is satisfied identically, or 
the functions U, V have a common factor, the number 
expressing the degree of this factor in 2, y. 

Supposing the function V given arbitrary, it may be 
required to determine U, so that the curves U = 0, V=0 
intersect in a number mn — k points. This may in general 
be done, and done in a variety of ways, for any value of & 
from unity to }m.(m+8). I shall not discuss the question 
generally at present, nor examine into the meaning of the 
quantity mn-}m.m+3{=5m.(2n-m-3)} becoming 
negative, but confine myself to the simple case of U and V, 
both of them functions of the second order. It is required, 
then, to find the equations of all those curves of the second 
order which intersect a given curve of the second order in a 
number of points less than four. 

Assume, in general, 


V-E(y-de-4'- =) (y- Be- B-=), 


r 


A’, B satisfy A’ + B'=0, and putting B’ = — and 


A’=-- RP and reducing 


A 
V=(y - Ax - A’) (y —- Be - B)+ K. 


Similarly U-E(y-a2-d-*) (y-Be-B'- ), 


a +P’ = 0, and putting P' = ~~ and ..a’ =— —— 


- p’ a-p’ 
U=(y-ax- a) (y —- Br - B') +h. 
Suppose 


(1) U=0, V=0 intersect in three points, we must have 
a = A, or the curve U=0 must have one of its asymptotes 
parallel to one of the asymptotes of V = 0. 


and reducing 
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(2) The curves intersect in two points. We must have 
a= A,a =A’, or else a= A, B =B; i.e. VU=0 must have 
one of its asymptotes coincident with one of the asymptotes 
of the curve V = 0, or else it must have its asymptotes each 
of them parallel to V=0. The latter case is that of similar 
and similarly situated curves. 

(3) Suppose the curves intersect in a single point only. 
Then either a=.A, a'=.A’, a’'= A’, which it is easy to see gives 


U=(y - Ax - A’) (y - Bx - 8) + =e $-£. 
A-B 

or else a = A, a’ = A’, (3 = B, which is the case of one of the 
asymptotes of the curve U = 0, coinciding with one of those 
of the curve V = 0, and the remaining asymptotes parallel. 
As for the first case, if a, a, are the transverse axes, 6, 6, the 
inclination of the two asymptotes to each other, these four 
quantities are connected by the equation 


, 0 
, tan @.cos’ - 
a 2 
—~ —— eS 
a i 
* tan @, cos* = 


and besides, one of the asymptotes of the first curve is coin- 
cident with one of the asymptotes of the second. This is a 
remarkable case ; it may be as well to verify that VU=0, V=0 
do intersect in a single point only. Multiplying the first by 
y — Bx - B, the second by y - Bz - f', and subtracting, 
the result is 

(A - 8) (y - Be - B)-(A - B)(y - Be- 8) =0, 
reducible to 
A(B - f') + BB'- BB 

B-£B 

Combining this with V = 0, we have an equation of the form 
y- Be- D=0. And from this and y - Ax -C, 2, y are 
determined by means of a simple equation. 

(4) Lastly, when the curves do not intersect at all. Here 
a= A, a =A’, B = B, B' = B,, or the asymptotes of U= 0 
coincide with those of V=0; ¢.e. the curves are similar, 
similarly situated, and concentric ; or else a= A, a’ = A’, 
a’=A’,$=B. Here 

U=(y - Ax- A’) (y - Bx - (') + K, 
or the required curve has one of its asymptotes coincident 
with one of those of the proposed curve ; the remaining two 





y - Ar = , Le.y- Axr-C=0. 
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asymptotes are parallel, and the magnitudes of the curves are 
equal. 

In general, if two curves of the orders m and n, respec- 
tively, are such that r asymptotes of the first are parallel to 
as many of the second, s out of these asymptotes being coin- 
cident in the two curves, the number of points of intersection 
is mn — r — 8; but the converse of this theorem is not true. 

In a former paper, On the intersection of Curves, I investi- 
gated the number of arbitrary constants in the equation of a 
curve of a given order (p) subjected to pass through the mn 
points of intersection of two curves of the orders m and x 
respectively. The reasoning there employed is not applicable 
to the case where the two curves intersect in a number of 
points less than mn. In fact, it was assumed that, W = 0 
being the equation of the required curve, W was of the form 
uU+oV; u, v being polynomials of the degrees p — m, p—n 
respectively. This is, in point of fact, true in the case there 
considered, viz. that in which the two curves intersect in mn 
points ; but where the number of points of intersection is less 
than this, u,v may be assumed polynomials of an order 
higher than p -_m, p—n, and yet wU + vV reduce itself to 
the order (p). The preceding investigations enable us to 
resolve the question for every possible case. 

Considering then the functions U, V determined as before 
by the equations (3), (4). Suppose, in the first place, we 
have a system of equations 


a= A, B= B....0= H (¢ equations). ... (8). 


Assume P = (y - az -...) (y — Ba -...)...(y — Ox -...), 
Q=(y - Az -...) (y - Ba -...)...(y - Hz -...). 
Y=(y -  -...).. (y — A -..), 
wv =(y — Iz...)...(y — Ka -...); 

whence U=- Py, V= QW. 

Suppose Y=EY+ Ay, W= EV + Ay, 


Ev.U - Ey.V = E¥.PY - Ey.Q¥, 
= EV.P(Ey + AY) - EY.Q(E¥ + AW), 
= EY.EY.(P - Q)+ E¥.P.AY - EY.Q.AY¥, 
= E{ EY.E¥.(P-Q)+E¥.PAY-EY.Q.A¥}, 
= II suppose. 


In this expression HY, HY are of the degrees m - t, n - ¢, 
AY, A¥ of the degree (- 1), and P, Q, P - Q of the degrees 
t, t, (¢ - 1) respectively. The terms of II are therefore of the 
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degrees m + n —t-— 1, (m— 1), (n— 1) respectively, and the 
largest of these is in general m+ ”-—t-1. Suppose, how- 
ever, m + -—t- 1 should be equal to (m — 1) (it cannot be 
inferior to it), then ¢= 2”. ‘Y becomes equal to unity, or A¥ 
vanishes. The remaining two terms of II are EY (P - Q), 
PAY, which are of the degrees (m —- 1), (n - 1) respectively, 
II is still of the degree (m - 1), supposing m>n. Ifme=n, 
the term PAY vanishes. TI is still of the degree m - 1. 
Hence in every case the degree of II is m+n-t-1. 
(Assuming always that (P - Q) does not reduce itself to a 
degree lower than ¢ = 1, which is always the case as long as 
the equations a’ = A’, 3' = B’....0' = H' are not all of them 
satisfied simultaneously). It will be seen presently that we 
shall gain in symmetry by wording the theorem thus: the 
degree of [1 is equal to the greatest of the two quantities 
m+n—-t-1,m-1. 

Suppose next, in addition to the equations (8), we have 

a=A', 3 =B....0' =F’, t equations ¢' > ¢...(8’). 
Then, taking Y’, ¥', P’, Q' the analogous quantities to Y, ¥, 
P, Q, and putting Fy’.U- Ey'.V.= 1, 
we have, as before, 

n= E{ Ey’. Ey'.(P - Q) + Ev’. Pay - Ey'.QAav'}. 
The degree of P’ — Q' is ¢ — 2 (unless simultaneously a’ = A’, 
3’ = B’.... = F’, in which case the degree may be lower). 
The degrees, therefore, of the terms of II’ are m + n - t' - 2, 
nm-—1,m-—1. Or we may say that the degree of II’ is equal 
to the greatest of the quantities m +  - ¢ - 2, m-1; though 
to establish this proposition in the case where ¢ = (m — 1) 
would require some additional considerations. 

Continuing in this manner until we come to the quantity 
mi), the degree of this quantity is the greatest of the two 
numbers m+n-t*")—k, (m-1). And we may suppose 
that none of the equations a“) = A“, ,.. are satisfied, so that 
the series II, Il’. ...1*") is not to be continued beyond this 
point. 

Considering how the equation of the curve passing through 
the mn - 1 -# .. — ¢*”) points of intersection of VU= 0, V=0. 
We may write 

W=uU+oV+ pi+pill....+p ” d=0....(9) 
for the required equation ; the dimensions of 1, », p, p’...p*” 
being respectively 
p-M,p-n,p-m-n+t+lorp-m+1,p-m-n+t+2 


orp-mi+l,....p-m-n+ lV +korp-—-m+1, 














bo 








Theory of Algebraic Curves. 109 


the lowest of the two numbers being taken for the dimensions 
of p, p’....p*"'. Also, if any of these numbers become ne- 
gative, the corresponding term is to be rejected. In saying 
that the degrees of p, p’....p“") have these actual values, it 
is supposed that the degrees of I, Il’. ...1I*" actually ascend 
to the greatest of the values 

p-m—n+t+1, or(m-1),m+n-t'—2, or(m-1),-m+n-t* +k, or(m-1). 
The cases of exception to this are when several of the con- 
secutive numbers ¢, ¢’....¢") are equal. In this case the 
corresponding terms of the series fl, I’....0*", are also 
equal. Suppose for instance ¢, ¢’ were equal, Il, I’ would 
also be equal. A term of p of an order higher by unity than 
p-m-—n+t+1, orp—m+1, which is the highest term 
admissible, produces in pli a term, identical with one of the 
terms of p'Il. So that nothing is gained in generality by ad- 
mitting such terms into p. The equation (9), with the preced- 
ing values for the dimensions of p, p’....p*", may be 
employed, therefore, even when several consecutive terms of 
the sines ¢, ¢’....¢*") are equal. It will be convenient also 
to assume that p — m is not negative, or at least for greater 
simplicity to examine this case in the first place. 

u,U, and v, V, contain terms of the form 2*y/U, z'y’V, 
at+Bpp-m,y+Spp-n. pill contains terms of this form, 
and m addition terms where a + B=(p + 1-m)y+8=(p+1-2). 
It is useless to repeat the former terms, so we may assume 
for p, a homogeneous function of the order p - m-n+t+ 1, 
or p — m + 1; in which case pil consists only of terms where 
a+B=(p+1-m),y+8=(p+1-~). And the general ex- 
pression of p contains p-m-—n+t+ 2, or p-— m+ 2, ar- 
bitrary constants. Similarly p'Il' contains terms of the form 
of those in wu U, vo V, pil, and also terms for which 

a+B=(p+2-m),y+O=pt2-n. 
The latter terms only need be considered, or p’ may be 
assumed to be a homogeneous function of the order 
p-m-n+t +2, or p-m+1, containing therefore 
p-m—n-t +38, or (p —m) +2 arbitrary constants. 

Similarly p“” contains p - m-n+t*+k+1lorp-m+2 
arbitrary constants. Assume 
~ ieee , a : ‘nieoraeeas (10 

p-m+2 ) p-m+2 *  \ p-m+2 oe 
where, in forming the value of Vv the least of the two quan- 
tities in ( ) is to be taken, this value also, if negative, being 
replaced by zero. ‘The number of arbitrary constants in 
Pp, p’. .p*” is consequently equal to A. 
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The number of arbitrary constants in uw, v, are respectively 
{1+2....(o9-m+ 1)} and {14 2....(p-m+1)} Le. 
}(p-m+1)(p—m+2), and $(p-”+1)(p-m+ 2). 





































Or the whole number of arbitrary constants in W, diminished 
by unity (since nothing is gained in generality, by leaving f 
the coefficient, for instance of ye indeterminate, instead of 
supposing it equal to unity) becomes 
k(p—m+1)(p—m+2)+5.(p-u+ 1) (o-n+ 2)4+ 9-1, ; 
reducible to ( 
Sp .(p+38)+5.(o-m-—n+1)(p—-m-—n+ 2)-mn+¥. ‘ 
By the reasonings contained in the paper already referred to, c 
if p + k-m-—n-+ 1 be positive, to find the number of really dis- ( 
posable constants in W, we must subtract from this number a \ 
number }(p+4-m-n+1)(p+hk-m-n +2). Hence, calling 
¢ the number of disposable constants in W, we have r 
p= hp.(p+ 3)+3(p—m—n41)(p—m- n+2)—-mn+Y —A...(11), V 
where A = 0, ifp+k- m-n +1 be negative or zero... (12), I 
A=}(p+k-m-n+1)(p+kh-m-n+ 2), | 
ifp +k-m- n+ 1 be positive. . 
And ¥ is given by the equation (9). Also, if @ be the num- 
ber of points through which the curve W = 0 can be drawn, 
including the points of intersection of the curves U = 0, V =0, t 
0=¢+(mn-t-t....-t")or ‘ 
0 =!.(p+3)+4(p—m—n+1)(p-m-—n+ 2)+7-A-t-t'...-t7..(18). c 
Any particular cases may be deduced with the greatest a 
facility from these general formule. Thus, supposing the c 
curves to intersect in the complete number of points mn, we 
have 
p=4p.(p+ 3)+5(1-y)(p-m—n+ 1) (p—m-n+ 2)-mn, ” 
y being zero or unity according as p <(m +-1) or p>(m+n-1). is 
Reducing, we have, for p » m +n - 3, Cc 
p=}p.(9+ 3)+h(p—-m-—n+1)(p-m—-—m+ 2)- mn, e 
O=$p.(p+3)+3(p-m-n+1)(p—m—-n+t 2). 
And for p>m+n-— 8, 
p= 4p.(p+ 3)-— mn, al 
0=}p.(p + 3). tl 
Suppose, in the next place, the curves have ¢ parallel pairs 
of asymptotes, none of these pairs being coincident. Then , 
ppm+n—-t- 2, 
p=1p.(p+3)+3(p-m-—n+1)(p-m-n+2)-—mn, 
O=}p.(p+3)+3(p-m-—xn+ 1) (p-m-n+4 2)-8. | 
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p>mt+n-t-2,ppmin-2, 
g=}p-(9+ 38)+h5(p-m—-n+ 2) (p—m-n+ 38)-mnrit, 
O=3p.(p+ 3)+h(p-m—-n+ 2)(o-m-xn+ 38), 
p>m+n-2, g=1.5.(p+ 8)-—mn+t, 
0=3p.(p+ 8). 

In which, if ¢ be equal to 2 or greater than 2, the limiting 
conditions are more conveniently written 
ppm+n—-t-2;ppmin-t-2%>mMmin-A;p>min-—4. 
Similarly may the solution of the question be explicitly 
obtained when the curves have ¢ asymptotes parallel, and ¢ 
out of these coincident, but the number of separate formule 
will be greater. 

In conclusion, I may add the following references to two 
memoirs on the present subject: the conclusions in one point of 
view are considerably less general even than those of my former 
paper, though much more so in another. Jacobi Theoremata de 
punctis intersect. duar. curvar. algeb.; Crelle’s Journal,vol. xv.; 
Plucker Theoremes sur les equations a plusieurs variables, d’ 
vol. xv1. 

Addition. 

As an exemplification of the preceding formule, and 
besides, as a question interesting in itself, it may be proposed 
to determine the asymptotic curves of the r* order of a given 
curve, having all its asymptotic directions distinct,—r being 
any number less than the degree of the equation of the given 
curve. 

Def*. A curve of the r order, which intersects a given 
r.(r+3) 
2 
is said to be an asymptotic curve of the 7” order to the 
curve in question. Suppose, as before, U=0 being the 

equation to the given curve, 


UV al”) rin) 
=E Y = OF — noe ~ ay Jove 9 — Mine ~ ; 


and let 0, @.. denote any combination of r terms out of 
the series a. .A. .0', g'. .w’, &c.,. .the corresponding terms out 
of a’, .»’, &. Then, writing 

om gr oo”) 
V= E{(y- Oz... - =) y~ pen Fs - S) Xewes 


yr) ape(m) apt) , a” 
(y ~ Ye... ae Sat" FAP Sree 6S \, 


2 


curve of the m‘ order in a number of points, = mr - 
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(where the quantities 6”), Ww"), ¥™, .Q', .Q’” are entirely 
determinate, since, by what has preceded, 0’, ¢'. .Q’ satisfy a 
certain equation 0’, ¢'..Q two equations. ...0™ 0, ,Q” 
(m — 1) equations), we have 
V=0 

for the required equation of the asymptotic curve. It is 
obvious that the whole number of asymptotic curves of the 
order 1, is m.(m — 1). .(m - 7 + 1), viz. 1.2. .7 curves for each 
n(n ass fe nth te) asymptotes. Some 
particular instances of asymptotic curves will be found in a 
memoir by M. Plucker, Lzouville’s Journal, vol.1. on the 
Enumeration of Curves of the Fourth Order. The general 
theory does not seem to be one to which much attention has 
been paid. 





combination of 





IV.—THE POLAR EQUATION TO THE TANGENT TO A CONIC 
SECTION. 
Ler the polar equation to the conic section be 
c 
- =1+e cos 0. 
- 


Let the equation to the tangent be 


: =m cos 0+nsin 0; 
therefore at the point of contact the two values of sin 0, given 
by the equation 
1 +ecos 8 =m cos 0+ sin 8, 
are each = sin a, if a be the value of @ at the point of contact ; 
and because (1 — » sin 0) =(m - e)’ (1 - sin’ 0), 
by the condition of equal roots, 
{n? +(m — eS} {1 -(m- ef} =n’, 
“ (m-ef+n=1, 
. sna-n=0, 

cos a—(m-e)=0; 

and the equation to the tangent is 


- =e cos 6 + cos (0 - a). 
If (fig. 1) PT, QT be tangents at points P and Q of a 


’ , _ » © 
conic section whose equation is - = 1+ecos @; a, (3 the 
‘. 








wo Se 
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spiral angles at P and Q, reckoned from the pole, the equa- 


tions to PT, QT are 


= cos (9 - a) + ecos 8, 


and 


Ht} 


cos (8 — (3) + e cos 6; 


S'a sie 


therefore at the point of intersection 
cos (0 - a) = cos (0 = B), 
6-a=B-8, 
or ST bisects the angle PSQ. 
To find the locus of the intersection of a perpendicular to 
the focal distance from the focus with the tangent. 
In this case the equation to the tangent is 
sf = cos (8 - a) + e cos 8, 
: 
equation to the perpendicular supposed 
T 


O=a- 9° 


therefore, eliminating a, the equation to the locus required is 


c 
— =e cos 8, 
r 


- 
or rcos@=-, 
e 


the equation to the directrix. 

To find the locus of the intersection of two tangents at 
extremities of focal distances which make equal angles with 
the latus rectum. 

Here a=7- f, 


or the locus is the latus rectum. 
(Fig. 2) The enunciation of this problem is given in p. 171, 
vol.1. The axes are AKL. ARQ. 


Let the equation to HK be az+by=1.......... (1), 
see eaniee ime FID ooo Ge + Oy @ he cons cc 00 (8), 
ET TTR TTT» TTT. ed tek ETE 
rere re rT PB, oe ABA BGO 1, veces vee k@ 


PTET T TS. Per | Lk eee Te 
ee oMehes 6 G8 + Bg m1. ccccceeeh®), 
I 
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where a, 6, &c. are the reciprocals of the intercepts for 
the different lines. H, O, and P are in a straight line. 
The co-ordinates of H are given by (1) and (2), 
ee Sere P. vevees cesses tO) Ona C4), 
iateante <  chee an eu kae (0 OTe 
Multiply (1) and (5) by A, 
(2) and (6) by 4. 
Then, by subtraction, we have 
at H (ah-ajfh)x+(bh-bkjy=h -k, 
at O (ah-ajh)x+(BA-BAy=h-k; 
and if bh - 6,4 = 3,h - BA, 
or (b, - 3,) h = (4, - B,) &, 
the relations are the same, or either is the equation to the 
straight line joining HO; 
at P(ah- Bk) x+(Ph-BA)y=h-k, 
ah-ak=ah - ak, 
or (a, - a,)h = (a, — a,) k; 


a&.- @, 


a,- 4, a 


b, - B, - b, - B, “ee ef @e 
Again, at C, (a,-a,)x+(b,- B,) y=9, 
at B, (a, - a,) x +(b, - B,) y = 9, 
which two equations, by (A), are equations to the sam« 
straight line which passes through the origin A. 

If ABCD (fig. 3) be any conic section, AB any chord of 
the conic section, ACBD a quadrilateral on AB, P the inter- 
section of AD, BC, Q the intersection of the diagonals ; PQ 
always passes through the point 0, which is the intersection 
of two tangents. 

1 1 
Let OA=-, OB=-; 
ad b 
equation to AD ar+ By=1............ (1), 
ieee WERE E as cvcccc dh 
ree ee ee 
eee aa |. ee: (4); 
equation to the conic section, 
(ax + by - 1) = Babzy, 
or ax + by -1= V(Babzy) ; 





of 


: 


on 
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at D the intersection of (1) and (3) 
ax + By-1=0; 
therefore (b - (3) y = v(Babzy), 
or (6- BY y = Babe. 


Also (a-a)x=(6- P)y, 
therefore (a —- a) (b- 8) = Bab. 
Similarly (a — y)(b- 8) = Bab, 
“-a a-p 
Hence 7" ey. ¥ a esate 41@ eee 
Also at P (a-y)x=(b- B)y, 
at Q (a-a)x=(b-8)y; 


which two relations coincide by (A), and either is the equa- 
tion to PQ, which therefore passes through 0. PF. 


V.—DEMONSTRATION OF A PROPOSITION IN PHYSICAL OPTICS. 


To shew that the planes of polarization of the waves in a 
biaxal crystal bisect the angles between the planes through 
the normal to the front and the wave axes. 

If 7, m, n be the direction cosines of a wave axis, the axes 
of elasticity being the axes of co-ordinates, it is shewn that 


2\ 


fa? — | a. 
l= + ra is : ) » Ma 0, = v( =; 4 , 
V @—c) a—c'} 


Let a3,y,, «,3,y, be the direction cosines of the lines of 
rectilinear vibration, 9,0,, ¢,%, the angles which the wave 
axes make with each of these lines; then 

a 

1 





an ie ait . A--++1 
cos 0, ava -O)+y Vb -c)_ oy 
cos 6, (ava - 8) - y, V8 - ce’) p yt a , 
la? — B 7 
where A= vie a): 
,~ —C€C 
_ At 41 
P ° 5S 
Similarly a 7 ‘ 
‘ cos p. y a, 1 


7: 
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ates a(S-2) 4 
_ 008 O, cog, nM \%_ H/ 
cos 0, cos ¢, ne _ oy (“: 4 *) wt 
NYe2 Yr N 
Now it is shewn (Mathematical Journal, vol. 1. p. 79), that 
aoa, i 
NY, A’ 
cos 0, COS 


hence — =< 
cos #, cos d,” 
which shows that the projections of the wave axes on the 
plane of the wave make equal angles with the directions of 
rectilinear vibration. For let x, ~ be the angles the wave 
axes make respectively with the normal to the front, w, o’ the 
angles their projections on the front make with one of the 
directions of rectilineal vibration, then it is easily seen that 
cos #, = sin x cos w, cos ¢, = sin f Cos w’, 
cos 9, = sin x sinw, cos g, = sin ~ sin w, 
and therefore the relation just proved becomes 
cotw=-cotw, or w=-w, 
since w and w’ may be considered acute angles. And from 
hence the truth of the proposition is evident. 
This proof appeared under a more complicated form in 
Liouville’s Mathematical Journal, Sept. 1843. 





VI.—ON A MULTIPLE DEFINITE INTEGRAL, 
By R. L. Exuis, M.A. Fellow of Trinity College. 


In the eighteenth number of the Journal, I pointed out the 
mode in which Fourier’s theorem may be employed in the 
evaluation of certain definite multiple integrals. The theorem 
generally known as Liouville’s, and another of the same de- 
gree of generality, were readily deduced from the considera- 
tions then suggested. I proceed to another application of the 
same method. 


THEOR. (9, Jey... f(me + ny + +) 
“(a + x) (b+ y’)... 





ya ma+nb+... 
ag? — 


[ Su du 
sas Jn w+ (ma + nb +...) 
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the integral being supposed to involve y variables x, y, &c., 
and the limits being given by the inequalities 


ML + NY + we S ~ hand Sh. 


(Negative as well as positive values of the variables are 
admissible.) 

Dem. Recurring to the general theorem stated at the com- 
mencement of the paper alres ady mentioned, we see that the 
integral whose value is sought is equal to 


” cos a (mz + ny +...—%) 
* du f “da “ae | adh dy eee @+2e)0 +) ; ° 





fhevehene the cosine in a series of products of sines and 
cosines of simple arcs. Every term involving a sine disap- 
pears on integration, as the limits extend from - ¢ to+c. 
Consequently the last written expression becomes 


1 “Cos amz Cos ant 
= { fudu f cos auda | 7 dx “| > te ; dy w+. 
0 ca 4 


™ COS amx W.. 
Now im ——— du =. e™* &c., = &e., 
a 


e+e 





“Z 


and thus the woe becomes 


“5 
[fude f cos awe (™*.-)* da, 





“— 


or, 7 — 


ab... 


which was to be proved. 
It may be well to verify this result in a particular case. 
Let v = 2; then we have to prove that 


f(me+ny) __ma+nb[" — fudu 
[a=[ay (a + 2°)(b + y*) © "ab Jnl ™+ (ma +nby? 





29 


,u +(ma+nb+...) 


y- ma + nb + =f a Su du 








for simplicity, we will suppose that 
m+n = 1. 
Let mx+ny=u, and therefore x = mu + nv, 
nz — My = v, y = nu - mv, 
wu and v being two new variables. As w+ v° = x’ + y’, dady 
is to be replaced by dudv, and thus 


[ae fey, fone + ny) = becomes 





a + x’) (b+ y’') 
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fudu . 
: fa’ + (mu + nvy} (0? + (mu -- mo) } 
The limits are easily seen to be + & — o for v; h' and A for 
u. For the integral expresses the volume of that portion of 
a solid bounded by the surface, whose equation is 
A ST (mz + ny) 
“(8+ 2)(8 +)’ 
which is included between the plane of (zy), the bounding sur- 
face, and two planes parallel to one another and perpendicular 
to (zy). The equations of these planes are respectively 
mz +ny=h, and mz + ny =h, 
and the introduction of w and v is equivalent to changing the 
axes of co-ordinates, so that one of the new axes, that of w, 
is perpendicular to these planes, while the other is parallel to 
them. 
In order to find the value of 





. di 
[. {a + (mu + nvy} {B° + (nu — mey}? iad 
l 
{a’ + (mu + ne} } {B+ (nu — mvy } 
A (mu + nv) + Bna C (nu - mv) + Dmb 


a + (mu + nv) 


’ b? + (nu — mvy 
It is evident that the terms in A and C’ will disappear on 
integration between infinite limits: those in B and D become 


respectively 7B and 7D, and the integral in question is 





therefore (B+ D). 
Now it may be shown that 
n ue — mia + nb? 
B=- —=— a — 3 
a {u’ + (ma + nb)’} {u’ + (ma - nb)’} 
p=”. u+ mia’ — n’b? 
~— b fub+ (ma + nby} {fu + (ma - nb)}° 
ma + nb 1 


Consequently B+ D=—— “mar seempepe < ¥ 
4 abu’ + (ma + nby 


and thus the integral sought is seen to be equal to 
ma + nb [ " fudu 
T 


,u + (ma + nby’ 





av 


which was to be proved. 
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Similar considerations apply in the case of more variables, 
and doubtless by induction our general result might be estab- 
lished. But the method we have followed, besides being 
more analytical, is also very much simpler. 

Another result of this same kind of analysis, I shall indicate 
without a demonstration, which there will be no difficulty in 
supplying. 

fda fdy ... €@? ™* fimax + nby + ...) 

n—1 


z 1 rhi ia 


Tv 
=—— >, e mnr,. Sudu, 
ab... {m?+ n+... rid, 


the limits being given by 


< ’ 
hand = hl’. 


max + nby +... 


> 


In conclusion, it may be well to remark, that the analysis 
of which we have made use is not unfrequently applicable to 
questions which though not difficult in principle are neverthe- 
less somewhat perplexing i in practice. 





VII.—CHAPTERS IN THE ANALYTICAL GEOMETRY OF 
(n) DIMENSIONS. 
By A. Cayxey, B.A. Fellow of Trinity College. 


Cuap. 1. On some preliminary formule. 
I rake for granted all the ordinary formule relating to 
determinants. It will be convenient, however, to write 
down a few, relating to a certain system of determinants, 
which are of considerable importance in that which follows : 
they are all of them either known, or immediately deducible 
from known formule. 

Consider the series of terms 


Big Bee wesH. wcacvenasceeehdy 


A, A, = A, 


oe if 

the number of the quantities A...., being equal to r 

(r <n). Suppose (7 +1) vertical rows selected, and the 

quantities contained in them formed into a determinant, this 
ss eeee 2 

n.(n nh (q + 2 diffe 


rent ways. The 
1.2,...%-¢- 


may be done in 
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system of determinants so obtained will be represented by 


the notation “Te So | Seer . (2). 


ee oe 
ae 


And the system of equations, obtained by equating each of 
these determinants to zero, by the notation 
|Zyy Byvvee B |] HO... ccoeeee (3). 


ck 


[= ae & 





a er 1) 
formula reduce themselves to (z — g) independent equations. 
Imagine these expressed by 


(1)=0, (2)=0...... (9-g)=0...... (4). 
Any one of the determinants of (2) is reducible to the form 
©, (1) + ©, (2). .+ ©, (m — Gg)... 0+ (5), 


where 0,, 9,. .0,., are coefficients independent of z,, z,. .z,,. 
The equations (3) may be replaced by 


equations represented by this 


AZ, +A +. AM» My toes 2. 7%, +.. (1 =0.. (6). 


nn? 


NA, + AA, t+ AS, At. 0 «A+. 


+4, + ..4,K,, uF +.., 7,A,+.. 
And conversely from (6) we may deduce (3), unless 
A. A A J=0 


| 1? ee eel ee ees |) 
| My» Mas oo of, 


%,5 The + 20F, 


n 


(The number of the quantities A, yu... is of course equal to 7). 
The equations (3) may also be expressed in the form 


®> L,» oe z,, 
14,+..0,K,, »4,+..0,H,,..4A4,..+0,K, »+-(8). 
h,A,+..0,K,, r,A,+..0,H,,..,A,..+ 0K, 


The number of the quantities \, ~. .w being (7). 





nm 


). 
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And conversely (3) is deducible from (8), unless 
rr | dk SePeTrieTeeeTy 


Me 
Aye oo W@W, 

Cuap. 2. On the determination of linear equations in 
L,, %,...%, which are satisfied by the values of these quantities 
derived from given systems of linear equations. 

It is required to find linear equations in 2,...%, which 
are satisfied by the values of these quantities derived— 
1. from the equations @' = 0, 3’ =0...G'=0; 2. from the 
equations @’ = 0, %’=0...42° = 0; 3. from A’ =0, 2B” =0 
i’ = 0, &c. &., where 

Me Az, + Af, + At ...see, «3 


= Ba, + Bx, ...+Bz,. 


Also 7’, 7... representing the number of equations in the 
systems (1), (2)... and & the number of these given systems, 
(n-7')+(m-r')+... pm—1 or (K-1)n+1l pretest... 
Assume CO OND 6 AE 4 .cccciccacicss(® 
NA + WB +... = 
rn + be 3" + eee 
>" qr’ +m 33’ eee 
&c. 
The latter equations being satisfied for the terms involving z,, 
for those involving z,, &c...separately. Suppose, in addition 
to these, a set of linear equations in X’, p’...A’u'... so that, 
with the preceding ones, there is a sufficient number of equa- 
tions for the elimination of these quantities. ‘Then, perform- 
ing the elimination, the value of §2, so obtained, is a function 
of z,, z,... which vanishes for the values of these quantities, 
derived from the equations (1) or (2)...&c. The series of 
equations ¥ = 0 may be expressed in the form 
A’ %B’...€' 
MTP os F, A 0 


i} 


i] 


Pe eae =» Pisvenhd). 


. . . . 
7 . . . 
" O ” ” R iM“ 
< 4 eee A eee 
n n n n 
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Cuap. 3. On reciprocal equations. 


Consider a system of equations 


MS, + AG, 000 + AB OO. .000000++(1), 


non 


Kx, + K,z,...+ Kz, = 0 
(y in number). 
The reciprocal system with respect to a given function (U) 
of the second order in 2,, @,...%,, is said to be 


| d. U, d_U...d,U|/=0........(2), 


(n-7 in iii 
It must first be shewn that the reciprocal system to (2) is 


the system (1), or that the systems (1), (2) are reciprocals of 


each other. 
Consider, in general, the system of equations 


ad, U+a,d, U...+a,d,U=0........(8). 


id, 4: id, (ae rd, U= 0. 
Suppose 2U = 3 (a’) x,’ + 23 (af3) z,2,, 
so that d, U=%(sa)z,......... oa AO) CO). 
The equations (3) may be written 
a, {a, (1°) + a,(12)... +a, (1n)} +... 
&e. +z, {a, (m1) +4a,.(m2)... +a, (n*)} = 0...(6). 


And forming the reciprocals of these, also replacing d, U, 
dU... by their values, we have 


z, (1°) + @,(12)+...%, (1m)... %,(m1)+ x,(22.2)...+ 2, (m*) | = 0...(7). 
a, (1°)+ a,(12) teeott (1.72)... (221) + a(2.2)..+ a (n°) 





Hd, (12) 4X12) +..A,(Lae)s+A, (214-2, (22). A, (1°) 

From which, assuming 
(1?) (12)...(1m) |] =0.......44 (8) 
(21).(2").-.( 2n) |) 


(nl) (n2)...(n") } 


| 








W. 
co 
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We have, for the reciprocal = of (3), 





hi didn 


Now, suppose the equations (3) represent the system (2); 
their number in this case must be (x-7). Also if @ represent 
any one of the quantities a, (3...4, we have 


A), "i yt 4 A 0, MO .ciatarwsereie ae ey 


KO, + £,0,...+ KO, = 0. 
By means of these equations, the system (9) may be reduced 
to the form 
A 2,+Af 00+ A @ 0K 0+K,0,.4+ KZ, .,) 5 B),90+%, || =.(11), 
eee 0 a, 
. | 


| 0 a 0 ee anid | 
which are satisfied by the equations (1). Hence the recipro- 
cal system to (2) is (1), or (1), (2) are reciprocals to each 
other. 
THEorEM. Consider the equations 
(MW=0, BH=0...G' =0)........ (12), 
(A’'=0, 3’ =0...M" = 0), 
(Q’"=0, 2%” = 0...M" = 0), 


Ke. 
of Chap. 2. The equations 
rt, 


dU, d, Uiid, U |= 0 vevveees (18), 
i oo ae 

G',, G',... G, | 
d,U, d, U...d, U | 
ig Mes 








| 

i a: 
&e. 

which are the reciprocals of these systems, represent taken 

conjointly, the reciprocal of the system of equations (3) of the 

same chapter, 
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Let this system, which contains x - {(m - 7) + (w - 17") +..+} 
equations, be represented by 
AZ, + 0,0, 0 + OZ, =O. ccereees (14). 


nn 


Bz, + Bz, coo + Bz, = 0. 


o,%, + Cot, pan ss C2, = 0. 
The reciprocal system is 

| d, U, ad, U...d, U | 

|} I : » 

| 


| a) Gy see a 


= 0. . 0000 (18), 








n 


o, ’ Se ror Ge 
containing ( — r) + (m -— 7’) + &c. ... equations. 
Also, by the formule in Chap. 2, 
a2, +o + a0, =r A +p +...0°G' (A, w...0, 7” in number). 


non 


Bz, +... +8,0,=N A + 38! + ...0',G 
C0, cee t C0 Ng Bl + py BB+ 000g GH oo ee cece ce ee o( 16), 
writing 0 = » - {(n- 1) +(m-7')+...}. 


Also, assuming any arbitrary quantities n,, 7,..n,---P,5 po, 
(the number of sets being (7’ — 8),) such that 
0, C... + 7,%, = I + he. + soe o9,,0r. ee (17). 
9, 2,++0+ 9,2, = NA + w+ 0. of Ge, 
From the equations (15) we deduce the (m - 7) equations 


|| @,, U0, d,, U-nd, Ul] = 0. .eeeee .(18). 


J? oe 
| p> p. saad ?, 


a=)'A + 1, B + oe 0, Gewere reese (19), 
B = iA -f- wu, B + eee o, G, 


. 


g=A A+ we, B+. 6, G. 
And reducing, by the formula (8) of Chap. 1, we have 
|, U, d,, Ud, U || = 0.660444 4(20). 
a MwA 


Hence, writing 


| of F 
ie, SS ae’ | 


n 


And similarly may the remaining formule of (13) be deduced 








a Oe ak Ut 
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of 


wh 





sed 











Analytical Geometry of (n) Dimensions. 125 


from the equation (15). Hence the required theorem is 
demonstrated, a theorem which may be more clearly stated 
as follows :— 

The reciprocals of several systems of equations form to- 
gether the reciprocal of the equation which is satisfied by the 
values of the variables which satisfy each of the original 
systems of equations. (‘The theorem requires that the number 
of all the reciprocal equations shall be less than the number 
of variables.) 

Conversely, consider several systems of equations, the 
whole number of the equations being less than the number 
of variables. These systems, taken conjointly, have for their 
reciprocal, the equation which is satisfied by the values satis- 
fying the reciprocal system of each of the given systems. 

Cuap. 4. On some properties of functions of the second 
order. 

Suppose, as before, U denotes the general function of the 
second order, or 

2U = 3 (a’). x? + 23 (af) 7 (21). 
Also let V denote a function of the second order of the form 
V=H (\ 


© 5 Syn8 Gaal ete eas 


n | 


(H being the symbol of a homogeneous function of the second 
order, and the number 7 of the quantities a, B...2, being less 
than (zn-1).) Then 2U - 2kV, & arbitrary, is of the form 
> [a"] 2,’ + 2 [af] Ly vvvrvess (23). 
Suppose X,, X,...X, determined by the equations 
(17) X, + [12] X,... + [lv] X,=0......(24), 
[21] X, + [2"] X,... + [2n] X, = 0, 


[1] X, + [m2] X,... + [n7] X,=0; 
equations that involve the condition that / satisfies a certain 
of the order (” - 7), as will be presently proved. 
Then shall z, = X,...7, = X,, satisfy the system of equations, 
which is the reciprocal of 
oe 2 Perrrerrrrrs: 


n 
Gy Agee A, 


| 
Ly Lyre, | 


n 








X,[a,(1’)+...a,(1n)]+ X [a,(21).. -+a,( 2n)].. 4 +X,,{a 
XB, (1")}: 3 1n)]}+ X[8,(21)...+8,(2n)]...+ Xy[B,(21)-+8,(n")]=0, 


x 


X 





1 


1 


1 
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To prove these properties, in the first place, we must find 
the form of V. Consider the quantities £4, fp..." , (n- 17) im 
number, of the form 

G4 @ AS, + AG. + AB ow 00000 (86), 


. 
nn 


tg= B2,+Byz,...+Bz, 
p= Lz, + Lz, ons + Ea 
where, if © represent any of the quantities A, B...L, 


a,O0, + a,0,-+++ 4,0) = OR ctl hg a a (27), aC 
3,0, +.B O,...+ 3,0, = 0 


2,0 + ©,0,.0+ 4 20, = 0. 
2V = (A*) wie + (B’)é,° 4 
2(AB)Esip+... 
= eran + 23 (AB) Egep . 
Hence, if 2V=% {a’ -* +23 {af} igig ........ (28), 
: 23 


(AB) A,B, , 


{12} = (4) A.A, + 3(AB) (A,B, + A,B), 





Hence, @ representing any of the quantities a, (...2z, 
6, {1°} + 0, {12}...40, {In} =0...... (29), 


6, {v1} + 0, {n2}... + 0, {n*} = 0; 
whence also 
0, [1°] +...0,, [17] = 0, (1°) +...8, (1%), 
6, [21] +.--0, [2°] = 0, (m1) +... 0, (n’). 
Hence, the equations for determining X,...X, may be 
reduced to 
(n1)...+.a,(2°)]=0...(80), 


1 


X[”, (1? tee 12 +X, [22,(21 Je 00+92,( 272 )}... | X,,[n,( 721 )...+2pl n’)|- 0 
[74 +1, 1) X, [r+ 1, 2].-.+ X, [r+ 1, 2] =(), 
[n, 


n, ‘14+ X X, [n, 2]...+ X,[n"] (). 





be 


(30), 








| 
| 
\ 
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Eliminating X,...X,, since the first (7) equations do not 
contain /, the equation in this quantity is of the order (» - r). 
Next form the reciprocals of the gg (25). These are 
| On U, d, U...d, U tie 5 ae aati 
, ee Ae \ 
|. ! 
hae Kate 
From which we may deduce 


ad. Uz vet, U,; Bd, U...+ Pd, U...2,d, Oi. tnd, U, d, U...d,,U 


0 ‘ 0 ae 0 -_ cule 


0 , 0 si 0 Zsy,, «00 Dey 
which is evidently satisfied by z, = X,, 2, = X,...z, = X,. 

In the case of four variables, the above investigation 
demonstrates the following properties of surfaces of the 
second order. 

I. If a cone intersect a surface of the second order, three 
different cones may be drawn through the curve of intersec- 
tion, and the vertices of these lie in the plane which is the 
polar reciprocal of the vertex of the intersecting cone. 

Il. If two planes intersect a surface of the second order 
through the curve of intersection, two cones may be drawn, 
and the vertices of these he in the line which is the polar 
reciprocal of the line of intersection of the two planes. 

Both these theorems are undoubtedly known, though I am 
not able to refer for them to any given place. 


VIII.—ON A QUESTION IN THE THEORY OF PROBABILITIES. 
By R. L. Evuis, M.A. Fellow of Trinity College. 


Tue following question affords a good illustration of the 
methods employ ed in the more difficult parts of the theory of 
probabilities. In a paper presented to the Philosophical 
Society, I applied the kind of analysis we are about to make 
use of, to the celebrated Rule of Least Squares. There is, 
in fact, a close analogy between the two investigations. 
Laplace’s solution of the present question is obtained by a 
process similar to that which he had employed when treating 
of the best method of combining discordant observations. 

What is the probability that the sum of the times which 
each of 2 persons has respectively yet to live will amount to 
a given time 7"! 





| =0...(32). 
| 
I} 
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Let ¢,2,dx, be the probability that the p person will 
live precisely a time z, longer, ¢, denoting some function of 
x,, Which is necessarily such that 


wo 
[ p,t,dx, = 1, 

7“ 0 

as it is certain that he will die at some time or other. 
Let z,, %,...%, be so related that 

ZL, + Ly toee% = T. 

The probability of this particular combination is 
$0, PX_*++PntndL,AL,..-d2L, , 

or 2,9 L,+-.bn (T'- 2, -...%, ,) d2,...d2p 


and the aggregate probability sought is the integral of this 
expression obtained by giving all possible positive values to 
L,+++%,_,, Which do not make 7'- z,-...z,_, negative. ‘Thus 
we have 


P = dz, [{ 


ote 


n-1 


LP :% Pt Gn (T - 2, - «06, ,) dtd, 


1° 


Now, by Fourier’s theorem, 
l PDP xe 
Pn (7'- L—+0-Ln_,) = - J. aa{ PnXn cos a(T-z, et = Ln) dz, > 
( 


T -7z,...z,,, being supposed to lie between 0 and « ; for all 
negative values of this quantity, the second member of the 
equation is equal to zero. Consequently, all the integrations 
may now be taken from zero to infinity; and thus, since as 7' 
and z, vary together, dT'= dz, 
t; a) na OO 
P= aT [ da [ dz... AL, ,,++-Gn%n Cos a (T'- Sz). 
~ OV * ) 


T 0 ~ 


Now it ma shewn that the greatest value o 
Now it may be shewn that the greatest value of 


x ro 

[ dz,...] dzx,o,x,...,2, cos a(T'- E2)...(a) 

“0 0 

corresponds to a = 0, and is, therefore, unity ; and that when 

n is large (a) diminishes rapidly as a increases. Consequently 
x 


the value of | (a)da depends, when x is very large, on the 
0 


elements for which @ is very small. This consideration 
enables us to employ an approximate value of (a). 
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Let T= ¢ + m, m being a disposable quantity ; then 
(a) = cos at i} dz,...[ dx, ,,++.,2, CoS a (m — Sx) 


0 


i] Ps) 
+ sin at [ AL, 00 J dx,p,L,+.-,2, Sina (m — 2), 
0 


“0 
which may be thus written 


(a) = cos atG + sin atH. 


In order to obtain approximate values of G and H, expand 
cos a(m- =x) and sin a(m — Sx); they become respectively, 
a being very small, 


1-1a'(m - Sz) anda(m - Sz). 


Now let | gx adx = K f pr x'dx =k’; 


e 
then, since i pxdz = 1, we shall have 
0 


G=1-}4'(m’ -mSK + 23K,K, + 3), 

H=a(m- 3K) approximately. 
Let m = SK, then 

m’ - ImiK = - {3K} =- SK - 23K,K,, 
and thus G=1-j$a3(h’ - K”), 
H=0; 
and therefore, while a is very small, 
(a) = cos at {1-}@°S (# - K’)}. 

We have next to show that 3(h° - K*) is a positive 
quantity. 

Consider the definite integral 

| pupz(z- x) dadz; 
0/0 
it is necessarily positive, since every element is so, ¢adz 
being the expression of a probability, and therefore essentially 
positive. 
Expanding (z - z)’, we find for the value of this integral 
K- 2K? +h or 2( - KB”). 
Hence #’ - K*, and therefore = (i? — K’), is positive. 

(This demonstration is due to Poisson, Con. des Tems, 
1827). 

Returning to the value we have found for (a), we see that 
we may in all cases represent (a) by cos at ei«*=(e-K*), since 
when a is very small, the two expressions tend to coincide ; 
K 
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and when a is not so, both are sensibly zero, = (k* - K*) 
being a large quantity of the order ». Consequently 
¥ tr \ jc 
[aes = ( 2) j = 7 @ 22(k?-K*) 
7 0 V\ 2 > cz t*)}4 
dt a 
and P= say 6 2EUP-K). 2. (pp) 
V(20) se K*)\ Ph 


P being the _—, that the required sum 7' shall be 


precisely ~ to SH +¢t. The greatest value of P corre- 
sponds to ¢ = 0; consequently the most probable value of T 
is SA. 


It is to be remarked that the approximate formula (p) is 
independent of the law of probability expressed by the 
function gz: it depends merely on the two definite integrals 

ws) reco 
f apedz and | x opaxde. 
7 0 0 

We have stopped the approximation to the value of G at 
the second power of a. Had we gone farther, and retained 
only the principal term in the coe ficient of each power of a, 
a similar result, viz. one which may be assumed as coincident 
with the exponential function, would, there is little doubt, 
have been obtained ; while the coefficient of each power of a 
in H would be negligible in comparison of the corresponding 
power in G. Some remarks on this, or at least on a cognate 
question, will be found in the paper alrez udy mentioned. 

As a verification of the approximation we have employed, 
which is in effect the same as that of Laplace, let us suppose 
that the functions ¢,, ¢,.--are all of the same form @, and that 
gx =e*. Then, as we have seen, the required probability is 
obtained by integrating 

eres AT 81-89 oy A eA. 5 


for all positive values of z,, z,...z,, which do not transgress 
the limits gce.e = 


n-l 
Now Etre gree ~(T-m-29-") = @ TP ) 
and thus we have P = e "dT f\dz,...f,dz,_,, 
the limits being given by 
L, + 2, samy Ud 
Hence, it is easily seen that 
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In order to compare this with the approximate expression 
(p), | remark that 7'= n - 1 renders P a maximum; assume, 
therefore, Pann 144 





p (n-1) eG | n-1 t \n-l 
then P= ili 2: oi oe (1 + at. 
I’ (x) \ n-1 
Now, by Stirling’s theorem, or by that which Binet proposes 
to substitute for it, (vide Journal de I’ Ecole Polytechnique, 
XVI. p. 226), we have, when » is very large, 


iy (n) -= V(27) eer i(n i 1)", 





Consequently 
ew (n-1f7 1 a. ; 
T(r) V{2a(m—1)} Vaan 
; a 1 e 
Again {1 + em: el+é+1.(1-——]}] — 
l n-1J nm-1/ 1.2 


1 \ / # : 
+{1l-—J[(1- a PO t &C. 
n-1 m-1/] 1.2.8 
Jt being a certain function of ¢ and ». Therefore 


t ‘ 
-6 _ " yt J 
e(1+ =l+e'ft 


Now the coefficient of ¢’ in ft is 
1 
(n — 1).1.2’ 
3 2 \ 1 
a +} et daa F 
m-1 (n-1)YJ 1.2.8 





that of é is {- 
and that of ¢* is 
{ 6 11 6 | 1 
{—_ ——— +. ——_——— — ; , 
lL n-1 (m-1)¥ (-1)f 1.2.3.4 
Hence the coefficient of ¢ in e* ft is 
1 
2(m—- 1)’ 





that of @ is 
1 1 i . 
2(n-1) 2(m-1)° 3(m-1¢ ” 3~m-1)' 
K 2 
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and, lastly, that of ¢* is 





_ 1 . 2 2 1 
4(m-1) 4(m—-1) 1.2.3(m~-1f 4(n-1) 
11 1 1 
—— s _ 39 
1.2.3.4 (m-1Y 4(m- 1) 
1 t 
. | \ 1 


1.2 \2(™m-1)f 4(m-1) 
Now if, in forming the approximate expression, we reject all 


. . t.\? 1 —" 
terms of the form 2 @3 , where ¢ is different from zero, 


LW(n)J nt 

—— t : 

t.e. if we look on Tin) as a quantity all whose powers are to 
vn 

be retained, except when divided by any power of x, the 


value of e* (1 4 





n-1 
:) may be taken as equal to 
n- 


ea t' 
2(m—-1) 1.2° 4(m—- 1) 
which, as similar results would have been obtained had we 
pursued the investigation farther, might be shown to be 


equal to aan 
e ate 


&e. 


and thus ie ee 
é& Xi) dt, 





V(27n) 
P is the probability that 7 is equal to n-14+¢: writing 


t+1 for ¢ in —— and reducing, we find that, within the 


limits of the approximation, it may also be assumed as the 





a : t 
probability that ¢ is equal to m+: also “te 
;' nm-1l m 


and thus ‘a wee 

~ V(2mn) ‘ 
which, as in our case, = 2 and H=1 is precisely equivalent 
to the result deduced from the general formula (p). 

The legitimacy of some parts of the preceding approxima- 
tion may be questioned ; as quantities which are neglected 
may, under certain conditions, be larger than those which are 
retained : and, as the result coincides with that of the general 
method, the doubt thus suggested appears to extend to the 
latter. The subject of approximation by means of definite 
integrals is certainly not free from obscurity. 
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The method of this paper extends m.m. to the case in 
which we seek to determine the degree of improbability that 
the average length of the reigns of a series of kings shall ex- 
ceed by a given quantity the average deduced from authentic 
history. The application of considerations of this nature to 
historical criticism appears to have been first made in Sir 
Isaac Newton’s Chronology. They are doubtless entitled to 
much attention ; but any attempt to evaluate their legitimate 
influence, would, for more than one reason, be unsatisfactory. 


IX.—ON THE BALANCE OF THE CHRONOMETER. 


Ir is well known that a common watch goes more slowly when 
its temperature is raised, and versd vice. ‘The reason of this 
is that the elasticity of the balance-spring decreases with the 
increment of temperature and increases with its decrement. 
Neglecting the mass of the spring and the connection of the 
balance with the other parts of the watch, we may take as the 
equation for determining the oscillations of the balance, 

da’) eé 

a@ df 
where e depends on the form and elasticity of the spring, and 
Tis the moment of inertia of the balance. ‘The time of oscilla- 


= 0, 


: a ; 
tion depends, of course, on the ratio 7’ e being, as we have 


said, a function of ¢ the temperature. In order, therefore, to 
the equable rate of the watch, it would be necessary that I 


. : e 
should be such a function of ¢, that 7 may be constant. In 


the balance of a common watch J is sensibly constant. Hence 
the inequality of which we have spoken. 

In the chronometer the balance is so constructed that its 
figure alters when the temperature varies. ‘The figure (4) 
represents a common form of the chronometer balance. ‘The 
arc AB, which carries a weight at C, is formed of two con- 
centric lamine of different kinds of metal, the outer lamina 
being the most expansible. ‘These two lamine are securely 
united in their whole length, so that an increase of tempera- 
ture necessarily distorts the arc AB into some form like ABP’. 
Similarly for ab. Contrary effects are produced by a decrease 
of temperature. Thus, the moment of inertia J decreases as 
t increases; as e also does. And thus we are enabled, by 














134 Balance of the Chronometer. 


suitable adjustments, to make ¢ , at least approximately, 
constant. I 

It would, I believe, be impossible, without some hypo- 
thesis, to determine the form which AB assumes under the 
influence of a change of temperature. The following sup- 
positions are probably sufficiently near the truth to be 
applicable when the variations of ¢ are not excessive. 

Let us suppose the lamine to be cylindrical and concentric, 
and bounded by four plane surfaces, two of which are per- 
pendicular to the axis of the cylinder, while the other two, 
which form the boundaries at A and B, pass through the 


axis. ‘These conditions being fulfilled, whatever the value of 


¢t may be, it is clear that the variation of form can depend on 
two elements only, namely the radius of the cylinder, and the 
angle which AB subtends at its centre. ‘To determine these, 
we assume that the middle filament of each lamina expands 
as it would do if free. 

In the normal state, let 2, 2c’ be the thicknesses of the 
outer and inner lamine respectively, 7 the radius of the 
boundary of the two lamine, y, p’ the coefficients of expan- 
sibility of the outer and inner lamine (yu > wu’), 6 the angle 
subtended at the centre. 

The radii of the middle filaments are, therefore, 7 +, 7-¢; 
let their lengths be 7 and 7’, then 


L=(r+e)0, T=(r-¢)0. 
For an increase of temperature ¢, let r and @ become 7, and 
6,: then we shall have 


Ti+yuth=(7,+680, [A+n)=(7,-¢) 4; 
« and ¢’ being so small that their variations may be neglected. 
r+e b1+ut 


Hence at eee at? 
and therefore (1 + ut) 
i =(e+«) la (1 + wt)-V(1 + pt)’ 
which, as « and yw’ are very small, is appr ~ 
| ae | I’ 

ee pe ' e 

r-e=(e+ vy =F (u - KM) IF t} 
When ¢ = 0 aaah 2 


Consequently, for a first approximation, 


Se ee 


T 


where Ar = tea S Au =-"- hs and r=¢ + E, + 
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Again 76, =l-T4(pl—-pl)t. 
When ¢ = 0 r0=1-I'; 
and therefore tA = (ul - wT’) t. 
But ul - wl = rbAw + (ue - w'e’) 8, 
and the last term is negligible. Therefore 
AO =~ Out faye eens th 


We distinctly perceive from (1) and (2) why the effects of 
distortion are so considerable in comparison with those of 
simple expansion ; it is because the expressions of Ar and A@ 
have the small quantity + in the denominator. AB becomes 
a larger arc of a smaller circle. 

To apply these results: we suppose that when ¢= O the 
centre of AB coincides with the central point O; and AB, 
being securely fastened at A, continues perpendicular at that 
point to the line OA, consequently its centre remains in that 
line. Let O' be its new position, then OO' =- Ar. If m, be 
the mass of AB, its — of inertia about O was mr’ ; 


about O' it is mr? - 2m An” - tnearly. Let G be the centre 


of gravity of AB’; then, in the triangle OO'G, we have 
OG’ = 00" + (O'G) + 200'.0'G cos} 0,, since ZGO'A =}0. 
00” or (Ary may be neglected, then, approximately, 

(OGY =(O'GY - 2Ar.0'G cos } 8, 





31 : si M 6 
and, as OG =r, mh hn =2r 2 nearly, 
46, 0 
sin 0 
we have (OGY -(O'GY = - 2r = Ar. 


Now the moment of inertia round O is equal to that round 
O' increased by m {(OG‘)’ —- (O'G)’} ; hence, finally, 


3 e 
AI, =- 2mAu—t (1 -- *) icgtaas (3), 
r 0 
I, being the moment of inertia of the arc AB. 
(In accordance with the rest of the approximation the 
expansion of AO is neglected). 
Again, we will suppose the weight at C to be a material 
particle, and that the angle A OC is equal to @ ‘Then, J, 
being the moment of inertia of this weight, whose mass we 


will denote by m,, we shall have 
3 


AI, =~ 2m,Au — t(1 - cos $)........(4); 
T 
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Consequently, as the inertia of the bar OA does not undergo 
any sensible alteration, and as every thing which has been 


proved of OAB is true of Oab, we have, finally, 


Yr sin 0 
Al=- 4Au ” thm, yp — a |) + m,(1 - cos 4) oes CB). 
x | 0 F J 

It appears that the variation of e is exactly proportional to ¢: 

so that e becomes e (1 — v#), vy being some constant. Conse- 
: a+ vt) e 

quently we must have, in order that wi ans FR 

site iar 3 

sin @\ 


i m, (1 - cos 6). ove 





v[= 4du {m,(1 - 
. 


In calculating the value of J we may take into account the 
moment of inertia of a@0.A ; moreover, instead of the approxi- 
mate expression m,7” for the moment of inertia of 4B, we 
may employ a more accurate one involving the quantity 
e and ¢<’; the approximate expression is sufficiently accurate 
for the determination of AJ. 

The adjustment for compensation is effected by shifting 
the weight m, along AB; that is, by altering the value of 
until (6) is fulfilled. On the hypothesis we have made, the 
value of J for ¢ = 0 is not affected by the change of @. 

In determining the approximate expressions (5) and (6), we 
have neglected all terms in which Ay occurs not divided by 
r; all terms involving Ay multiplied by « or «'; all terms 
into which any power of yw or p’ enters. In consequence of 
the last restriction ¢ can only rise to the first power in the 
result. If this were absolutely correct it would follow that, if 
the compensation were effected for a particular value of ¢, it 
would subsist accurately for all values of ¢. For instance, if 
we give ¢ equal values, positive and negative, the decrease of 
I in the one case ought to be equal to its increase in the 
other. But when ¢ is considerable, it is found that there is a 
sensible deviation from this result; and, assuming that the 
expression for Ae does not in any perceptible manner involve 
powers of ¢, it follows that that of AJ must do so. Any term 
involving @ (and, a fortiori, any higher powers of that quan- 
tity), must be very small, since ¢ always occurs multiplied by 
u or’; but it may, nevertheless, sensibly affect the chrono- 
meter’s daily rate. On the usual construction, the balance 
oscillates 216,000 times in twenty-four hours. Consequently 
a very slight change in the moment of inertia of the balance 
will become perceptible in that period. 
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In order to obviate the consequent error, it has been 
proposed by Mr. Dent, a distinguished chronometer-maker 
of the present day, to alter the form of the balance. Fig. (5) 
represents one of those which he proposes to substitute for 
that in common use. It would be easy to determine the 
corresponding expression for AJ, to the degree of approxi- 
mation of our previous results. As, however, the comparison 
of the merits of the two forms must depend on the terms 
involving ¢’, it may be well to reserve it for another opportu- 
nity. If there appears reason to believe that our hypotheses 
represent the facts with sufficient accuracy to encourage us to 
proceed farther, I hope to resume the subject in the next 
number of the Journal. R.L. E. 


X.—ON A PROBLEM IN PRECESSION AND NUTATION. 


In Professor Airy’s Tract on Precession and Nutation, p. 208, 
there is an investigation of the angular acceleration which 
the disturbing force of the Sun tends to impress upon the 
Earth’s mass about an equatoreal diameter (the axis of z) at 
right angles to the plane through the axis of the Earth (the 
axis of x) and the line joining the centre of the Earth with 
the Sun. The mass is divided into elementary parallelopipeds 
dxdydz, the axis of y being at right angles to those of x and z: 
the integrations are performed in the order of y, z, z. Since, 
however, the computation may be effected rather more 
elegantly by taking the integrations in the order of z, y, 2, 
or by conceiving the spheroid to be made up of circular 
instead of elliptical slices, the method of integration given in 
this note may not be without interest to students in physical 
astronomy. 

Let A (fig. 6) be the Earth’s centre, AB the semi-axis of 
the spheroid, S the attracting body. Let P be any point of 
the Earth in the plane BAC; draw PM perpendicular to 
AB, and PN to SA. 

The accelerating force on a particle of the Earth at P is 





equal to — in the direction PS, which is equivalent to 
S SN 
SP’ SP’ parallel to AS..........(1), 
and to ~ ll parallel to PN. .........(2). 


SP?’ SP 
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Also the accelerating force on A, the centre of the Earth, is 

equal to Ss 
SA’ 

Let SA =r; then, considering the centre of the Earth to be 


at rest, the disturbing force on P will be, from (1) and (3), 
approximately, 


p) OP é:di-xe 00 ce dee en ee 





2. ££ Car ... . 
(7-AN)Y FP? parallel to AS; 
> 
and, from (2), oe, parallel to PN. 
> 


Hence the moment of the disturbing force on a particle m at 
P about a line through A, perpendicular to PAS, is 

= .m. AN. PN. 
The same is true approximately for every molecule of the 
spheroid of which the projection on the plane BAC coincides 
with P. 

Let AC=a, AB=c, 4 BAS=0, AM=2z, MP =y, 2z = 
length of chord through P at right angles to plane BAC. 
Then AN =z cos 0-y sin 0, PN=2x sin 0+ y cos @; and 
thus we see that the moment of the disturbing force for the 
whole spheroid is equal to 
eet” oe ws . 7 
a {(z*—y*) sin 0 cos 0 + zy (cos* 0 - sin’ 0)} dx. 22 dy, 
where y’ = the radius of the circular section through MP, 
and / = the density. 

It is evident that the second term of this integral must be 
zero, because for every (+ y) there is a (- y), 2dy being the 
same for both; hence the required moment 


S, v ° arw 2 2 
= wn . 2 sin 8 cos 0 | | (x* - y’) 2 dx dy. 
r -c) -y' 


Now [ z dy = ["y" - y dy =} my" ; 


and, as may easily be ascertained, 


J _ay'dy = | VY -P)idy = sy" 


Hence the double integral is equal to 


[ (a*. Say? — 5, ry") dz 
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i} 


H r| y° (42° - y”) dx 


2 +e 2 
a7 4 | (c? — 2’) l 4a? _ = (c= 2y\ dx 
Cis \ °C J 


Il 


2 +¢ 2 
ra ‘ a 
=— l aeta? - 4x" - | (c - 2c*a” + a)\ dx 
Gn” J < | Cc { 
2 
ra a ete ae 
=—, (ce -8e° - 2a’? + 4 ac’ - 2 ac’) 
8c 
wa 16,, o BW « /% m 
= —c.—(c - a’) = — ae (ce - a’). 
8 15 15 
Hence the required moment 
1 
38 


ll ae a 
=—~. — ha'c(c’ - a) sin 0 cos 0. 
i 
The sign of this result shews that the effect of the Sun’s 
attraction tends to increase the angle 0. 

The moment of inertia of the spheroid about the axis 
through A, perpendicular to the area BAC, is (we know) 
equal to Aen 
= ka’c (a’ + c’). 

0 


Hence the angular acceleration is equal to 
8S ae 


= + =— 5: sin 8. cos 0. 
r ate 





WwW. W. 





XI.—NOTES ON MAGNETISM. NO. II. 
By R. L. Exits, MA. Fellow of Trinity College. 


In order to a distinct understanding of the results obtained 
in the last number of the Journal, it will be desirable to 
consider the established conventions with respect to the signs 
of the symbols which we had occasion to employ. 

North magnetism is assumed to be positive ; hence, of 
course, south magnetism must be considered as negative. 

The measure M of the magnetic power of a bar magnet is, 
as we have seen, equal to fusds, being the magnetism of the 
element ds, which is situated at a distance from the origin 
equal to s. The limits of the integral are such as to include 
the whole length of the magnet. 

The position of the origin is arbitrary: we may conveni- 
ently place it at the centre of the magnet, but the value of 
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Jusds is the same whether this be done or any other point be 
taken. For let the origin be shifted through a distance a, so 
that s = s’ — a, then 

Susds = [u(s' - a) ds' = [us'ds' - afuds': 
and as all the integrals extend throughout the length of the 
magnet /uds' = 0, and therefore 

Jusds = [us'ds'’ or M=M’', 

which was to be proved. 

But the value of fusds changes its sign if the direction in 
which s is measured changes. Let 7 be the length of the 
magnet; then, s being measured in one direction, say from 
left to right, we have “l 

M- usds. 


“0 
Now suppose that s' = J - s, then the limits are interchanged 
and ds' = — ds; consequently 


al cl 

M = | u(l — s') ds’ = - | us'ds' = — M', 
0 0 

s' being measured in the direction opposite to that of s, or 

from right to left. 

The magnetism of a magnet may thus be always repre- 
sented by a positive quantity. 

Any two points in the axis of a magnet may be taken as its 
poles. But although the position of the poles is matter of 
convention, yet relatively to one another, one is the north 
and the other the south pole. 

The physical character by which they are distinguished is 
this: if a particle of north magnetism be placed in the pro- 
longation of the axis from south to north, it is repelled from 
the magnet. Contrariwise, if it be placed in the prolongation 
of the axis towards the south. Further, we must integrate 
usds from south to north, 7.e. s must be taken as positive 
when pds lies to the north of the origin, in order that MZ may 
be positive. This may be shown by supposing a particle of 
north magnetism m placed in the prolongation of the axis 
towards the north, and at a distance r from the centre of the 
magnet. If we assume that from south to north is positive, 


7 . 2Mm : was 
the action of the magnet on m is —,— ; and as this action is 
™ 


repulsive its expression will be positive, and therefore Mis so. 
If we had assumed from north to south to be positive, the 


: : 2Mm 
action of the magnet would have been represented by - —— , 
> 
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,e and as this is positive, M will necessarily be ae So 

0 that, in order to make the measure of the magnet’s power 
positive, we must take the direction S....N as positive. 

Consequently the angle @ must be measured from it. We 
suppose it measured in the usual manner, viz. in the unscrew 

ne direction. 

The general expression for the moment of rotation due to 
the action of one magnet on another is much simplified when 
the two magnets are supposed to lie in one plane. 

™ The dihedral angle x is then zero, and consequently the 
he equation 
“- ae MM' — ; in 6 cos x18 
a - {1 + 3 cos’ 8 - (2 cos 9 cos 0’ — sin 8 sin @ cos x)'}: 
becomes 
MM' . oo 

od L= i {1+ 3 cos’ 0 - 4 cos’ 0(1 — sin’ @’) 

+ 4 sin 0’ cos @ sin @ cos 6 - sin’ 6 sin’ @’}}. 

The quantity between the brackets is equal to 
4 sin’ 6 cos’ 0 + 4 sin 6 cos 0. sin 8 cos 0’ + sin’ cos’ 0. 
or Consequently 
_ MM 
mn =e - (sin 6 cos 9 + 2 sin @ cos 6). 
oe This result may be readily established by an independent 
ee process, which the reader will find no difficulty in supplying. 
4 The last result may be put in the following form: 
‘th , g 
MM' ,, . — 

a L= oR {3 sin (0 + 6’) - sin (0- 6')}. 
‘0- Professor Lloyd, in the 19 volume of the Memoirs of the 
pm. Royal Irish Academy, has investigated this case of the mu- 
on | tual action of two magnets. His result is, (mutatis mutandis) 
te MM 
ve u= {sin (0+ 6) - 3sin (0 - ')}. 
a we , 
A This differs from the last written result, merely because, in 
cis the Professor’s analysis, @ and 9’ are measured in opposite 
as directions. If we replace @ in Prof. Lloyd’s result by 27 - 0, 
> it becomes 
we MM’ 
te L=: Yd {3 sin (0 + 6) - sin(@ - 6')}, 
80. as before. 
he The general formula affords a simple solution of the follow- 
n ing problem. The position of a magnet, and that of the 
™ > centre of a needle being given, to place the needle in the 
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position in which the moment of rotation due to the action 
of the magnet is a maximum. 

By the formula established in the last number of the 
Journal, we have 


L= ed {1 + 8 cos’ @ - (3 cos 6 cos 0’ — cos )'}4. 

We suppose the magnet and needle to be in the same plane. 
In fig. (7) let O be the centre, SON the line of the axis of 
the magnet, C the centre of the needle. Project C on ON 
in D, take OF = 20D, draw EN' perpendicular to SN 
meeting ON’, which is at right angles to OC in N’, CN’ is 
the line in which the axis of the needle must be placed, its 
north pole being turned towards N’. 

In order to prove this, we have only to remark that the 
angle @ or CON is constant, the position of U being given ; 
consequently the condition to be fulfilled, in order that the 
moment of rotation Z may be a maximum, is 


3 cos 0 cos # - cos @ = 0. 
Now as ¢ is the angle between N'C and SN, we have 
oD > 
ED = CN’ cos 9, 


and therefore OD =} CN’ cos 9. 
Again, OC = CN' cos # and OD= OC cos 0. 
Hence OD = CN' cos 0 cos @. 


Consequently 3 cos @ cos 0 - cos # = 0, 
or the required condition is fulfilled. 

There are three particular cases worth noticing : 

(1) @=0. In this case C lies in the axis ON, D coin- 
cides with it, and ON’ is perpendicular to ON, and therefore 
parallel to EN’. Consequently the point NV’ is removed to 
an infinite distance, and CN' is therefore perpendicular to 


; . 2MM' , 
ON. The corresponding value of LZ is ——— , and is the 


3 
maximum maximorum. ft 
(2) 0=6@'. In this case the magnet and needle are parallel 
to one another. ‘The quadrilateral CDEN’ is a parallelo- 
gram, EN’ is equal to DC, and consequently 
tan COD: tan N'OE:: EO: OD:: 2:1. 


But COD=6 and N'OE= 4 ~ 6, 


since CON’ is a right angle. Consequently 
tan 0 = 2 cot 0, 
or tan @= y2. 
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The corresponding value of 3 cos’ @ is therefore unity ; and 
consequently we have, in this case, 

? MM’ 


L= V2 — Ts (0 = 54 44’ 8°). 
vi 


(3) 0= : . Here D (and therefore F) coincides with O, 


while ON' lies in the axis OS’. Consequently N' is at O, 
and the needle is therefore again perpendicular to the mag- 
net. In this case  -MM' 

L R ? 


The first and third cases were noticed in the last number of 
the Journal. In the second, the value of Z is a mean pro- 
portional between what is in the other two cases, in the last 
of which it is a minimum maximorum. 

If we were required, for a given position of C, to find the 
position in which the needle would be in equilibrium, or the 
moment LZ equal to zero, we might have recourse to Gauss’s 
construction already mentioned ; for if the needle be placed 
along the line in which the magnet tends to attract or repel 
C, as the dimensions of the needle are small, every element 
would approximately be attracted or repelled along this line, 
and therefore the total action would be destroyed by the 
resistance of C. 

Thus there are always two directions for every position of 
C’; one of maximum moment and the other of equilibrium : 
these two directions are at right angles to one another. 
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= XII.—MATHEMATICAL NOTE. 


[ log (1 +2) 4, 
o 1+2e 

This definite integral is evaluated in a curious manner by 
6 M. Bertrand in Liowville’s Journal. The demonstration I am 
about to give of his result, is somewhat different in form from 
el that which he made use of. 

0- The method employed in an ingenious paper which ap- 
peared in the last volume of the Jowrnal (111. p. 188), will 
apply to the integral we are about to consider. 


llog 
Let fu = f mgt + oe) a, 
0 1+2 


[ : xrdz 


o(1+ ux) (142°) ° 


d 
Then an fu = . 
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» x u L+Uu 
ad isa 140 = (+0) (1 + 2°) (14 a)’ 
Consequently 
zx z+ 
(i+ux)(l+z) (1+2°)( 
a sais 


1 xdx u 1 dz u ' 
Su =—| —,+-—— 2- >| 
5. l+ewJol+2 lewJol+% l+u'Jol+uz 


1 ,= _¥ _ log (1 + u) 
l+e? 41+ l+a? 


2 
2 


u 
1+) (l+ue)(14e)’ 


=! log 2 


2 108 
Integrate for u, from 0 to 1, 


f(1) - f (0) = 5 log 2 + ~ log 2 - f(1). 
But f(0)=0, since log 1=0. Therefore 


Ff (1) = § log 2 


But Sf) = aS te dz. 


log (1 +2) de 


Therefore [ = log 2. 


Jo A142 

The singularity of this method, and its applicability in 
other cases give it interest: but, as the ‘writer of the paper 
already noticed pointed out to me, the integral may be got by 
assuming z= tan y; it then becomes 


f log (1 + tan y) dy, 
and, by his fundamental equation, 
[tog + tan y) dy = [log {1 eo y \ dy 
0 0 4 J 


; 1 — ti 9 
1 + tan ~=y)=1+ + 
4 ° 1+tany 1+ tan y y? 


and therefore 
vT 


2 [ log (1 + tan y) dy = log 2, 


whence the truth of M. Bertrand’s result is obvious. 
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